Introduction
The synthetic control chart was introduced by Wu & Spedding (2000b) as an improvement over the ShewhartX chart for detecting shifts in the mean of a normally distributed process. The synthetic chart for the mean integrates the ShewhartX chart and the conforming run length (CRL) chart. Wu & Spedding (2000b) showed that for moderate shifts in the mean, the synthetic chart reduces the out-of-control average run length (ARL) by nearly half while maintaining the same in-control ARL. They also demonstrated that the synthetic chart outperforms the exponentially weighted moving average (EWMA) chart and the jointX-EWMA charts when the mean shift is greater than 0.8σ.
Other works on synthetic charts are as follow : Wu & Spedding (2000a) presented a program in C to design a synthetic chart that minimizes the out-ofcontrol ARL based on an optimization model. and Wu, Yeo & Spedding (2001) proposed synthetic charts for detecting increases in the fraction nonconforming. Calzada & Scariano (2001) found that the synthetic chart of Wu & Spedding (2000b) is reasonably close to the normal theory values for moderate nonnormality or when the sample size n is large. Davis & Woodall (2002) presented a Markov chain model of the synthetic chart suggested by Wu & Spedding (2000a) and used it to evaluate the chart's zero-state and steady-state ARL performances, besides altering the chart to achieve a better ARL performance. Sim (2003) studied the performance of the synthetic chart based on the gamma and exponential distributions for known and unknown parameters, respectively and concluded that the synthetic chart outperforms the ShewhartX chart with either asymmetric probability limits or 3-sigma control limits. Scariano & Calzada (2003) discussed a synthetic chart for exponential data, derived an expression for its ARL and design parameters and showed that the chart outperforms the Shewhart chart for individuals but is inferior to the EWMA and cumulative sum (CUSUM) charts in detecting decreases in the exponential mean. suggested a synthetic chart for monitoring process dispersion by combining the sample standard deviation, S chart and the CRL chart. combined the sample range, R chart and the CRL chart to form a synthetic chart for process dispersion. Costa & Rahim (2006) proposed a synthetic chart based on a noncentral chi-square statistic that is superior to the jointX and R chart in detecting shifts in the mean and/or standard deviation. Costa, Magalhaes & Epprecht (2006) considered a synthetic chart with two-stage sampling to monitor the process mean and variance, and claimed that the chart is more convenient to administer than the jointX and S chart with double sampling, although both charts have similar performances. Similar to theX, EWMA and CUSUM charts, the synthetic chart for the mean proposed by Wu & Spedding (2000b) requires the assumption that the distribution of the quality characteristic is normal or approximately normal. But in some situations, it may happen that this condition does not hold (for instance, see Jacobs (1990) ). Experience in the chemical industry shows that there are a number of reasons why a process that is operating in a state of statistical process control, yields non normal skewed distributions. Some of these reasons are:
• measurements or operation in the vicinity of a material's physical limits, e.g. saturation, phase change, boiling point, tensile strength.
• measurements of a characteristic that has zero as a natural limit, e.g. moisture content, impurity content, warpage, bow.
• mathematical relationships between variables, e.g. a variable with an Arrhenius-type exponential dependence on process temperature.
To deal with nonnormal underlying distributions, the approaches that are currently used are (i) transforming the data to attain an approximate normal distribution, (ii) increasing the sample size so that the sample average follows an approximate normal distribution, and (iii) employing heuristic control charts for skewed populations. The existing heuristic charts for skewed populations are theX and R charts based on the weighted variance (WV) method proposed by Bai & Choi (1995) , theX chart based on the scaled weighted variance (SWV) method suggested by Castagliola (2000) , theX, CUSUM and EWMA charts using the weighted standard deviation method presented by Chang & Bai (2001) and theX and R charts based on the skewness correction method proposed by Chan & Cui (2003) .
Some of the other works on control charts for skewed populations are made by (i) Schneider, Kasperski, Ledford & Kraushaar (1995) who discussed methods to establish control limits when the data are positively skewed and censored from below, (ii) Wu (1996) (2007) who developed two control charts and process capability ratios based on the skew normal distribution to monitor the process mean and evaluate the process capability of nonnormal data.
Recently, Khoo, Z.Wu & Atta (2008) proposed a synthetic control chart for monitoring shifts in the process mean of skewed populations using the WV method, where no assumption of the distribution of the underlying process is needed.
This chart was shown to provide vast improvements over all the existing charts for skewed populations, in terms of false alarm and mean shift detection rates for cases with known and unknown parameters.
This paper extends the work of Khoo et al. (2008) by proposing a synthetic Scaled WV (SWV) control chart for monitoring the mean of skewed populations.
The synthetic SWV-X chart will be shown to outperform the synthetic WV-X chart of Khoo et al. (2008) for the case with a negative shift in the mean, when the same in-control ARL is considered for the two charts. For this case, the superiority of the synthetic SWV-X chart increases with the level of skewness.
Note that for a positive shift in the mean, the synthetic SWV-X chart is only slightly less effective than the synthetic WV-X chart. Thus, for a process having a skewed population, where past experience indicates that whenever a signal is triggered a negative shift usually occurs, then the synthetic SWV-X chart can be a favourable substitute for the synthetic WV-X chart. The rest of this paper is organized as follows : Section 2 gives a review on the syntheticX, the WV-X and the SWV-X charts. Section 3 presents the proposed synthetic SWV-X chart 4 and details the methodology used for comparing both the synthetic WV-X and synthetic SWV-X charts. Section 4 illustrates the use of the synthetic SWV-X with an example. Section 5 completes the paper with the main conclusions drawn from our study.
2 Literature review
SyntheticX control chart
Let us consider firstly that the quality characteristic X is a normal, N (µ, σ) random variable, where µ is the in-control mean and σ is the in-control standarddeviation. The syntheticX chart, introduced by Wu & Spedding (2000b) , makes a ShewhartX chart and a conforming run length (CRL) chart work together.
The syntheticX chart comprises aX/S sub-chart and a CRL/S sub-chart.
The CRL is defined as the number of inspected units between two consecutive nonconforming units (including the ending nonconforming unit). Figure 1 is an example that shows how the CRL value is determined, assuming that a process starts at t = 0. Here, CRL 1 = 5, CRL 2 = 2 and CRL 3 = 4. The operation of the syntheticX chart is based on the following steps:
Step 1 : Set the lower control limit: L ∈ {1, 2, . . .} of the CRL/S sub-chart and set the constant K > 0 of theX/S sub-chart defined by the following control limits:
Step 2 : Take a random sample of n observations at each inspection point and compute the sample mean,X.
Step 3 : If LCLX <X < U CLX , the sample is considered as a conforming sample and the control flow moves back to Step 2. Otherwise, the sample is a nonconforming sample and the control flow advances to
Step 4. Step 4 : Count the number ofX samples between the current and the last nonconforming sample (which includes the current but excludes the last nonconforming sample) as the CRL value of the CRL/S sub-chart.
Step 5 : If the value of CRL ≥ L, the process is declared in-control and the control flow moves back to Step 2. Otherwise, the process is out-ofcontrol and the control flow advances to Step 6.
Step 6 : Signals an out-of-control status to indicate a process mean shift.
Step 7 : Find and remove assignable cause(s). Then move back to Step 2. Wu & Spedding (2000b) demonstrated that the Average Run Length (ARL) of the syntheticX control chart corresponding to specific values of K, L, n and
with 
Using these equations, Wu & Spedding (2000b) suggested optimal combinations of K and L (useful for the Step 1 described above) that minimize the out-ofcontrol ARL for desired magnitudes of the standardized mean shift δ and an in-control ARL (ARL 0 ) of interest.
The Weighted Variance and Scaled Weighted Variancē

X charts
Now, let us consider that the distribution of the quality characteristic X is no longer normal but is some continuous unimodal skew distribution f X (x), where
is the the in-control standarddeviation and θ = P (X ≤ µ) is the in-control probability that X is less than or equal to the mean µ. The Weighted VarianceX chart (WV-X chart in short)
was initially proposed by Choobineh & Ballard (1987) who suggested the use of the semivariance approximation of Choobineh & Branting (1986) in order to provide control limits for the mean in the case of a quality characteristic having a skew distribution. Bai & Choi (1995) provided computations and tables to simplify the implementation of the WV-X chart proposed by Choobineh & Ballard (1987) . The control limits of the WV-X chart are
where
where n is the sample size, Φ −1 (.) the inverse standard normal distribution function and α is a desired Type-I error. It is worth to note that if θ = 
and the control limits in equation (5) and equation (6) are reduced to the classical ShewhartX control limits. The Scaled Weighted VarianceX chart (SWV-X chart in short) was suggested by Castagliola (2000) as an improvement over the WV-X chart. Castagliola (2000) provided explanations concerning the shortcomings of the WV method and how these shortcomings were addressed using the SWV method. The control limits of the SWV-X chart are as follow (see Castagliola (2000) ):
It is worth to note that the two constants above can only be computed if 
and the control limits in equation (9) and equation (10) are also reduced to the classical ShewhartX control limits.
The Synthetic Weighted Variance and Synthetic Scaled Weighted VarianceX charts
The synthetic WV-X chart, suggested by Khoo et al. (2008) , is based on the idea of integrating the WV method of Bai & Choi (1995) with the syntheticX chart of Wu & Spedding (2000b) . The operation of the synthetic WV-X chart 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w O n l y is similar to that of the syntheticX chart described in section 2.1, except that the control limits in equation (1) and equation (2) are replaced with the control limits in equation (5) and equation (6) for the WV-X/S sub chart. Khoo et al. (2008) compared by simulation the synthetic WV-X chart with different other alternatives (i.e. SC-X chart by Chan & Cui (2003) and the WSD-X, WSD-CUSUM and WSD-EWMA charts by Chang & Bai (2001) ) and concluded that the former gives the most favourable results, in terms of false alarms and mean shift detection rates, in both the known and unknown parameter cases, where the results of the synthetic WV-X chart are even better when the skewness of the underlying distribution is larger.
In this paper, we suggest to integrate the SWV method of Castagliola (2000) with the syntheticX chart of Wu & Spedding (2000b) by replacing the control limits in equation (1) and equation (2) with the control limits in equation (9) and equation (10) for the SWV-X/S sub chart. The resulting chart will be called a synthetic SWV-X chart. The goal of this paper is to evaluate the respective efficiencies of both the synthetic WV-X and synthetic SWV-X charts in terms of the out-of-control ARL. In order to compare these two charts, we have chosen an innovative methodology that does not involve any simulation. This methodology is decribed below:
1. For the sake of simplicity, we assume that µ = 0 and σ = 1.
Let β = E((
3 ) and ψ = E(( X−µ σ ) 4 ) − 3 be the skewness and kurtosis coefficients, respectively of the quality characteristic X. In our study, we restrict the values of the skewness coefficient β ∈ {0.5, 1 , 1.5, 2, 2.5, 3, 3.5, 4, 4.5} and, for each of these values, we select 7 different values ψ 1 , . . . , ψ 7
for the kurtosis coefficient ψ. As Figure 2 clearly shows, for each selected skewness coefficient β, the 6 smaller kurtosis coefficients ψ 1 , . . . , ψ 6 are uniformly distributed within the curve corresponding to the lower limit for any possible distributions and the curve corresponding to the lognormal distribution while the largest kurtosis coefficient ψ 7 is just above the curve corresponding to the lognormal distribution. This strategy guarantees to cover a large spectrum of distributions, including the gamma, Weibull 3. For each combination (β, ψ i ), for i = 1, . . . , 7, in Table 1, can compute
being the average probability that X is less than or equal to the mean µ over the spectrum of considered distributions.
4. If the distribution of the quality characteristic X is known, the distribution of the sample meanX is generally unknown (except for some rare cases) and, therefore, there is no closed-form for it. Nevertheless, it is well known that the mean µX , the standard-deviation σX , the skewness coefficient βX and the kurtosis coefficient ψX ofX are related to µ, σ, β and ψ through the following simple formulae:
Consequently, if the distribution of the sample meanX is actually unknown, we simply suggest to approximate it with the unique Johnson distribution with parameters (aX , bX , cX , dX ) having µX for mean, σX for standard-deviation, βX for skewness coefficient and ψX for kurtosis coefficient and estimated with the algorithm of Hill et al. (1976) . In order 5. For a combination (β, ψ i ), the ARL of both the Synthetic WV-X and Synthetic SWV-X charts are computed using equation (3) where π in equation (4) is replaced by
) for the Synthetic SWV-X chart. Consquently, for values of L, K L , K U and β, we can compute 7 differents values ARL 1 , . . . , ARL 7 corresponding to the 7 kurtosis ψ 1 , . . . , ψ 7 and we can also compute ARL = 1 7 (ARL 1 + · · · + ARL 7 ) as the average ARL over the spectrum of considered distributions.
In Tables 2, 3 Tables 2, 3 and 4, the ARL values in bold characters correspond to the lowest out-of-control average ARL's. This clearly demonstrates that when the standardized mean shift δ < 0, the Synthetic SWV-X chart always have smaller average out-of-control ARL than the Synthetic WV-X chart. When the standardized mean shift δ > 0, the previous conclusion is reversed.
An illustrative example
In order to illustrate the use of the Synthetic SWV-X chart, let us consider a 125g yogurt cup filling process where the quality characteristic X is the weight of each yogurt cup. A long term study (Phase I, realized in a local company) based on a large database of yogurt cup weights showed that the distribution of the quality characteristic X is significantly skewed. This study also allowed accurate estimations of the in-control mean µ = 124.9, the in-control standard-deviation σ = 0.76 and the in-control probability θ = 0.679 that X is less than or equal to its mean µ. The quality practitioner in charge of this process decided to take n = 5 yogurt cups every hour. Based on Table 3 , he decided to choose the value of θ = 0.682 (which is the closest to the in-control probability θ = 0.679) and to use the constants K L , K U and L optimally designed for detecting a mean In Table 5 , we recorded 30 samples corresponding to a 30 hours sequence of production (Phase II) from the 101th hour to the 130th hour. In each row we have the values corresponding to n = 5 yogurt cups weighed every hour. The last column is the meanX i of these n = 5 values. The samples in Table 5 are also plotted in Figure 3 (top). In Figure 3 (bottom), we plotted the meanX i of the 30 samples with the control limits LCL = 124.37 and U CL = 125.89 of the SWV-X/S sub chart. Concerning the values ofX i , for i = 1, . . . , 100, (corresponding to the starting phase of the process, but not recorded in Table 5 ), they all verify that LCL <X i < U CL. As we can see in Figure 3 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59 Table 2 : Constants K L , K U and L, for both the Synthetic WV-X and Synthetic SWV-X charts, for n = 5, β ∈ {0.5, 1, 1.5} and ARL 0 = 370.4. Table 3 : Constants K L , K U and L, for both the Synthetic WV-X and Synthetic SWV-X charts, for n = 5, β ∈ {2, 2.5, 3} and ARL 0 = 370.4. Thus, we have CRL 3 = 127 − 123 = 4 < L = 9 and we can conclude that an out-of-control situation occured corresponding to a downward shift in the process mean (i.e. less yogurt in each of the cups), probably due to a clog in the pipe used for filling the cups.
Conclusions
A synthetic SWV-X chart for skewed populations is suggested in this paper.
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